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Abstract
Abduction is the task of computing a sufficient extension of a knowledge base (KB) that entails a conclusion not
entailed by the original KB. It serves to compute explanations, or hypotheses, for such missing entailments. Little
is known about abduction when erroneous data results in inconsistent KBs. In this paper we present abduction
under repair semantics, and discuss combined complexity results on deciding existence of and verifying abductive
solutions fulfilling additional criteria. In particular, we consider different repair semantics and the description
logics DL-Lite and ℰℒ⊥.
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1. Introduction

Abduction is an important reasoning problem that can be formalized as follows: given two sentences 𝒦
and Φ s.t. 𝒦 ̸|= Φ, find an appropriate hypothesis ℋ such that 𝒦,ℋ |= Φ. Depending on the context,
there may be different definitions of what “appropriate” means: for instance, one would commonly
require that Φ ̸∈ ℋ (non-triviality) and that 𝒦,ℋ ̸|= ⊥ (consistency). In the context of knowledge
representation, 𝒦 is a knowledge base and ℋ is a set of facts that can be added to 𝒦 to explain or to fix
a missing entailment. We call Φ the observation.

In description logics, a knowledge base has two components: a TBox, which provides knowledge
about the terminology, and an ABox, which contains assertions about concrete individual objects.
We find different variants of abduction in the literature, depending on which component we want to
apply abduction on: TBox abduction requires Φ and ℋ to consist of TBox axioms [1, 2, 3, 4], while
ABox abduction requires them to consist of ABox assertions [5, 6, 7, 8, 9]. Knowledge base abduction
generalizes both and allows Φ and ℋ to be mixed [10, 11]. In this paper, we are interested in ABox
abduction with observations that are single assertions, which is relevant for diagnosis tasks.

Example 1. Assume a TBox 𝒯1 representing a medical ontology, which includes the following axioms:

High ⊓ Low ⊑ ⊥ (1) ∃glucoseLevel.High ⊓ OverdosedInsulin ⊑ DiabeticComa (2)

∃glucoseLevel.High ⊑ GlycemicCrisis (3) ∃glucoseLevel.Low ⊑ GlycemicCrisis (4)

GlycemicCrisis ⊓ Ketoacidosis ⊑ DiabeticComa (5)

These axioms state that 1. nothing can be high and low at the same time, 2. a high glucose level and an
overdose of insulin leads to a diabetic coma, 3. a high glucose level causes a glycemic crisis, as does 4. a
low glucose level, and 5. a glycemic crisis together with a ketoacidosis leads to a diabetic coma.
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Our knowledge contains additionally an ABox 𝒜1 with medical evidence about a patient that is
obtained through a glucose monitor. It is expressed by the following two assertions:

glucoseLevel(patient, l) High(l)

We observe that the patient passed out. Based on his glucose reading, a reasonable explanation is that
he took too much insulin. Indeed, using ABox abduction for the observation DiabeticComa(patient), a
possible hypothesis would be {OverdosedInsulin(patient) }. An alternative hypothesis w.r.t. 𝒯1 and 𝒜1

would be {Ketoacidosis(patient) }.

ABox abduction can be used to solve a variety of tasks in knowledge representation and knowledge
engineering: in addition to diagnosis tasks [10, 12, 8, 3], it can also be used to explain missing entail-
ments [7, 13, 3] and to suggest repairs to incomplete knowledge bases [1, 2, 4]. Abduction has even
been suggested to explain machine learning results [14].

In many realistic settings, it is unreasonable to assume that the ABox is consistent—especially very
large ABoxes are prone to errors that lead to logical inconsistencies once combined with the TBox. A
prominent approach to cope with this issue is to use repair-based semantics [15]. These semantics are
based on the notion of a repair, which is a maximal consistent subset of the ABox. Two prominent
edge-cases of repair-based semantics are brave semantics and AR semantics. Under brave semantics,
an assertion is entailed if it is entailed by at least one repair. Under AR semantics, it must be entailed
by all repairs. If we replace the classical entailment relation with a repair-based one, we obtain ABox
abduction under repair semantics.

Example 2. To obtain further evidence, the doctor uses a finger stick sensor that measures the glucose
level of the patient. This leads to the additional ABox fact Low(l). The new ABox 𝒜2 is inconsistent
with 𝒯1 and has two repairs:

ℛ1 = { glucoseLevel(patient, l), High(l) } ℛ2 = { glucoseLevel(patient, l), Low(l) }

Under brave semantics, High(l), Low(l) and GlycemicCrisis(patient) are all entailed, while under AR
semantics, only GlycemicCrisis(patient) is entailed. If we use ABox abduction under repair semantics on
our observation DiabeticComa(patient), both {OverdosedInsulin(patient) } and {Ketoacidosis(patient) }
are hypotheses under brave semantics, while only { Ketoacidosis(patient) } is a hypothesis under AR
semantics. Indeed, a sceptical doctor should investigate this hypothesis first, as it has the bigger support.

Inconsistency of the initial knowledge base and the use of repair semantics affect what properties a
desirable hypothesis should have. Indeed, the typical requirement that hypotheses are consistent with
the knowledge base is of little use if the knowledge base is already inconsistent. On the other hand, if
we ignore conflicts between the hypothesis and the knowledge base, our hypotheses may not align well
with our knowledge. In [16], the authors proposed requiring hypotheses to be conflict-confining, which
means that adding them to the knowledge base does not introduce new conflicts. We complement this
notion with a corresponding optimality criterion, which requires the set of introduced conflicts to be
minimal. The authors in [16] consider one repair semantics, one description logic (DL-Lite) and one
set of properties the hypothesis should satisfy. We provide a more detailed analysis considering also the
DL ℰℒ⊥, three desirable properties of hypotheses, and a total of four optimality criteria. In particular,
we studied the complexity of the existence problem—does there exist a hypothesis for a given abduction
problem—as well as the verification problem—is a given set of assertions a hypothesis for a given
abduction problem. The results presented here are taken from a recent conference publication [17].

2. ABox Abduction Under Repair-Based Semantics

We define repair-based semantics and our abduction problem formally. We consider knowledge bases
in the description logics DL-Litecore, DL-Liteℛ and ℰℒ⊥. The syntax and semantics is not important
for this paper—the interested reader is referred to [18]. A knowledge base is a tuple 𝒦 = ⟨𝒯 ,𝒜⟩, where



the TBox 𝒯 consists of terminological axioms and the ABox 𝒜 of flat assertions (i.e. not using complex
concepts). Classical entailment is defined as usual using the semantics of first-order logics. We assume
that the TBox is consistent, that is, 𝒯 ̸|= ⊥. Then, given an ABox 𝒜 s.t. 𝒦 = ⟨𝒯 ,𝒜⟩ |= ⊥, a repair of
𝒦 is a subset ℛ ⊆ 𝒜 s.t. ⟨𝒯 ,ℛ⟩ ̸|= ⊥ and for every ℛ′ s.t. ℛ ⊊ ℛ′ ⊆ 𝒜, we have ⟨𝒯 ,ℛ′⟩ |= ⊥. The
dual notion to repair is that of a conflict, which is a subset 𝒞 ⊆ 𝒜 s.t. ⟨𝒯 , 𝒞⟩ |= ⊥ and for every 𝒞′ ⊊ 𝒞,
we have ⟨𝒯 , 𝒞′⟩ ̸|= ⊥. Intuitively, a conflict is a minimal explanation for inconsistency of a knowledge
base. We use the notation Conf(𝒦) to refer to the set of all conflicts of a knowledge base 𝒦.

Based on the notion of repair, we define two entailment relations. Given an assertion 𝛼,

1. 𝛼 is entailed in 𝒦 under brave semantics, in symbols 𝒦 |=brave 𝛼, if there exists a repair ℛ of 𝒦 s.t.
⟨𝒯 ,ℛ⟩ |= 𝛼,

2. 𝛼 is entailed in 𝒦 under AR semantics, in symbols 𝒦 |=AR 𝛼, if for every repair ℛ of 𝒦 we have
⟨𝒯 ,ℛ⟩ |= 𝛼.

Using these notions, we can define our abduction problem.

Definition 3. Let 𝒦 = ⟨𝒯 ,𝒜⟩ be an inconsistent knowledge base, Φ an assertion called the observation,
and 𝒮 ∈ {brave,AR} a repair semantics such that 𝒦 ̸|=𝒮 Φ. Then, the pair ⟨𝒦,Φ⟩ is called an
𝒮-abduction problem. A solution for such a problem, called 𝒮-hypothesis, is an ABox ℋ using only
individuals already occurring in 𝒦 and Φ s.t. ⟨𝒯 ,𝒜 ∪ℋ⟩ |=𝒮 Φ.

If additionally a signature Σ of predicate names is given, we call a triple ⟨𝒦,Φ,Σ⟩ a Σ-restricted
𝒮-abduction problem. A solution to this problem is an ABox ℋ that uses only names from Σ and that is
an 𝒮-hypothesis for ⟨𝒦,Φ⟩.

Signature-restrictions can have several motivations: one is that in many applications, hypotheses
constructed from a specific vocabulary are more useful. For example, in case of a diagnosis use-case as
in the introduction, we might want to use a signature that only contains names used to describe causes.
Another motivation are ABoxes that correspond to database tables with a restricted schema [19, 7].

In addition to the signature-restriction, we consider the following properties of hypotheses:

Definition 4. Let 𝒮 ∈ {brave,AR}, ⟨𝒦, 𝛼⟩ be an 𝒮-abduction problem, and ⪯ ∈ {⊆,≤}. Then, a
hypothesis ℋ is

1. conflict-confining for 𝒦 = ⟨𝒯 ,𝒜⟩ if Conf(⟨𝒯 ,𝒜 ∪ℋ⟩) = Conf(𝒦),
2. non-trivial if 𝛼 ̸∈ ℋ,
3. ⪯-minimal if there is no 𝒮-hypothesis ℋ′ for ⟨𝒦, 𝛼⟩ such that ℋ′ ≺ ℋ, and
4. ⪯𝑐-minimal if there is no 𝒮-hypothesis ℋ′ for ⟨𝒦, 𝛼⟩ such that

Conf(⟨𝒯 ,𝒜 ∪ℋ′⟩) ≺ Conf(⟨𝒯 ,𝒜 ∪ℋ⟩).

Non-triviality (Item 2) as well as subset minimality and size minimality (Item 3) of hypotheses are
standard for abduction, and do not deserve much explanation. The property conflict-confining (Item 1)
and conflict-minimality (Item 4) are tailored to the setting of inconsistent knowledge bases. Specifically,
the requirement of conflict-confining generalizes the requirement of consistency typically applied in
the classical setting. Even if the knowledge base is already inconsistent to begin with, we might still
want to avoid hypotheses that contradict our knowledge base additionally. In case a conflict-confining
hypothesis does not exist, a ⪯𝑐-minimal hypothesis could be a sufficient approximation.

3. First Results and Outlook

We analysed the combined complexity of the existence and the verification problem in different settings
for the tractable description logicsDL-Lite and ℰℒ⊥. Specifically, we considered the dialectsDL-Litecore
and DL-Liteℛ, for which we obtained the same completeness results. Here, combined complexity refers
to the assumption that both TBox and ABox are given as input, and is in the literature often contrasted
with data complexity, which assumes the TBox to be fixed. Table 1 summarizes our results from [17].



Existence Problem Verification Problem
general signature conflict-conf. non-trivial ≤-min ⊆-min ⊆𝑐-min ≤𝑐-min conflict-conf.

DL-Lite
brave NL NL NL NL NL NL NL NL NL
AR NL coNP NL coNP coNP DP NL NL NL

ℰℒ⊥
brave P NP ΣP

2 NP NP DP ΠP
2 – DP

AR coNP ΣP
2 coNP ΣP

2 coNP ΠP
2 coNP coNP coNP

Table 1
Complexity for existence and verification of hypotheses with different properties and repair semantics.
Verifying general hypotheses has the same complexity as with ≤-minimality.

We recall that testing entailment for DL-Lite under brave semantics is NL-complete, while for ℰℒ⊥ it
is NP-complete for combined complexity. Under AR semantics, the complexity of testing entailment is
coNP-complete for both description logics [15]. Considering the results in Table 1, we observe that
for DL-Lite, the complexity of both existence and verification is not higher than that of entailment
in the respective semantics, with the exception of verification of ⊆-minimal hypotheses. In fact, the
complexity is often even lower. For ℰℒ⊥, the picture is quite different: we have a case where deciding
existence of a hypothesis (including trivial ones) is tractable (under brave semantics). In all the other
considered settings, the complexity remains the same or even goes up, often one level in the polynomial
hierarchy. We observe an interesting behaviour in the case of conflict-confining hypotheses in ℰℒ⊥:
determining their existence is ΣP

2 -complete under brave semantics, and only coNP-complete under
AR-semantics. If we drop the requirement of being conflict-confining, and instead require hypotheses
to be signature-restricted or non-trivial, the picture reverts: now it is easier under Brave semantics
(NP-complete), and one level up in the polynomial hierarchy for AR semantics.

While we have already quite a detailed picture of the complexity landscape, there are a few relevant
questions we plan to investigate in the future. First of all, our current study considers the different
properties and optimality criteria in isolation. In realistic scenarios, one would usually want to combine
them and e.g. ask for a signature-restricted hypothesis that is also conflict-confining and non-trivial.
We have already some initial results on combinations of up to three properties in [20].

Another direction is moving towards abduction with queries, as it was investigated in [7] for abduction
under classical semantics. Indeed, query answering is a relevant application of ABox reasoning, and a
central application of DL-Lite ontologies especially. Specifically, instead of a single assertion, we would
consider a set of assertions that may also include quantified variables (i.e. conjunctive queries), or even
formulas in the positive existential fragment of first-order logic, which corresponds to relevant and well-
studied query languages for description logic knowledge bases. In the context of query answering, it is
also typical to not only consider combined complexity, as we did in our study, but also data complexity,
for which one assumes the query and TBox to be fixed. To complete the complexity landscape in that
direction is also future work.
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