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Abstract
Description logic (DL) knowledge bases (KBs) built by hand or (semi)automatically using machine learning or
information retrieval tools may contain errors, often detected when reasoning derives an inconsistency. However,
not all errors cause an inconsistency. Such errors may be noticed when reasoning produces a consequence that
follows from the KB, but does not hold in the application domain modelled by the KB. In fact, some application-
relevant DL KBs such as the large medical ontology SNOMED CT are written in DL dialects, like ℰℒ, that cannot
even express inconsistencies. Eliminating an inconsistency or an unwanted consequence by removing a minimal
amount of information from the KB is usually called repair in the DL literature. Instead of producing a single new
KB as a repair, inconsistency-tolerant reasoning takes all repairs of a detected inconsistency into account, e.g., by
producing consequences that follow from all repairs or from some repair. This notion can be extended to repairs
that remove an unwanted consequence, in which case it is called error-tolerant reasoning. This paper shows in an
exemplary way how results for inconsistency-tolerant reasoning can be transferred to error-tolerant reasoning.
To this purpose, it generalizes an existing approach connecting inconsistency-tolerant reasoning over prioritized
DL-Lite KBs and argumentation frameworks to the setting of error-tolerant reasoning for ℰℒ KBs.
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1. Introduction

Inconsistency-tolerant reasoning had originally been considered in logic [1] and for databases [2], but
was then extended to the setting of ontology-mediated query answering (see, e.g., [3, 4, 5]). In this
context, one usually considers a terminology (TBox) written in some DL and an ABox that contains
atomic concept assertions and role assertions. The TBox is assumed to be correct, which means that the
inconsistency must be caused by the ABox assertions, in the sense that the ABox together with the
TBox does not have a model. A repair is then a maximal subset of the given ABox that is consistent
with the given TBox. As queries one usually considers conjunctive queries or instance queries (i.e.,
queries expressible by a DL concept). The question is then whether a certain answer to such a query
(i.e., one that logically follows from the TBox together with the ABox) holds for all repairs, for some
repair, or for the intersection of all repairs. Most of the work in this direction has been concentrated on
investigating the computational complexity of answering this question. Here, we are interested in more
foundational work (such as [6, 7, 8, 9, 10]) that links certain forms of inconsistency-tolerant reasoning
with the notion of extensions in argumentation frameworks (AFs) [11, 12].

In particular, we consider [9], where the TBox is assumed to be written in common DL-Lite dialects
and the ABox is additionally equipped with a priority relation that can be used to resolve conflicts
between ABox assertions. The authors define repairs of an inconsistent KB as maximal subsets of the
ABox consistent with the TBox, and then use the priority relation to characterize Pareto-optimal repairs.
As inconsistency-tolerant semantics they employ (among others) ones that consider reasoning w.r.t. all
repairs (AR) and with respect to the intersections of all repairs (IAR), where repairs are either arbitrary
repairs or Pareto-optimal repairs. In addition to investigating the complexity of reasoning w.r.t. these
semantics, they also try to characterize them using AFs. More precisely, they translate prioritized KBs
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into PSETAFs, which are preference-based variants of set-based AFs (SETAFs) [13]. Two interesting
results obtained from this translation are that Pareto-optimal repairs are exactly the stable extensions
of the corresponding PSETAF, and that, in the case of an empty priority relation, the intersection of all
repairs coincides with the (unique) grounded extension of the corresponding SETAF.

An inconsistent KB is obviously erroneous, but consistent KBs may also contain errors. For example,
in several earlier versions of the medical ontology SNOMED CT,1 which at this time was a TBox written
in the DL ℰℒ, the concept “amputation of finger” was classified as a subconcept of “amputation of
hand”, which should clearly not be the case [14, 15]. If a DL reasoner produces a consequence 𝛼 that
is considered to be unwanted by the user, then the KB must be repaired. In analogy to the repair of
an inconsistency this means that one is looking for a maximal subset of the KB that does not have the
consequence 𝛼.

In [16], such a repair is called an optimal classical repair, but to be more in line with the notation
used in the inconsistency-tolerant setting, we call it 𝛼-repair to clarify what is the consequence that
should be removed. Like inconsistency-tolerant reasoning, error-tolerant reasoning determines what
follows from all 𝛼-repairs, some 𝛼-repair, or the intersection of all 𝛼-repairs. In the context of DLs,
error-tolerant reasoning was for the first time introduced in [17], but, motivated by the above example
of an error in SNOMED CT, for the case where the TBox needs to be repaired. Error-tolerant reasoning
for a setting where the TBox is assumed to be correct and the ABox must be repaired was investigated
in [18, 19, 20], but for optimal repairs, which maximize the set of consequences rather than the set of
axioms, instead of optimal classical repairs.

The present paper is concerned with error-tolerant reasoning for ABoxes, considering 𝛼-repairs for
an unwanted consequence 𝛼 rather than for an inconsistency, and using ℰℒ TBoxes rather than the
DL-Lite TBoxes of [9]. Our goal is to show that links between error-tolerant reasoning and certain
notions of extensions in AFs, analogous to the ones in [9] mentioned above, can also be established in
the case of 𝛼-repairs.

2. Background

We introduce KBs of the DL ℰℒ and ℰℒ𝒪⊥, an extension of ℰℒ that allows to express nominals and
inconsistencies. Reasoning is tractable in both logics [21].
ℰℒ𝒪⊥ concepts are built inductively, starting with concept names 𝐴 drawn from a set 𝑁𝐶 , and using

the concept constructors ⊤ (top concept), ⊥ (bottom concept), {𝑎} (nominal), 𝐶 ⊓𝐷 (conjunction), and
∃𝑟.𝐶 (existential restriction), where 𝐶,𝐷 are ℰℒ𝒪⊥ concepts, 𝑟 belongs to a set 𝑁𝑅 of role names and
𝑎 belongs to a set 𝑁𝐼 of individual names. An ℰℒ𝒪⊥ general concept inclusion (GCI) is an expression of
the form 𝐶 ⊑ 𝐷 for two ℰℒ𝒪⊥ concepts 𝐶,𝐷. An ℰℒ𝒪⊥ TBox is a finite set of GCIs, and an ABox
is a finite set of concept assertions 𝐴(𝑎) and role assertions 𝑟(𝑎, 𝑏), where 𝐴 ∈ 𝑁𝐶 , 𝑎, 𝑏 ∈ 𝑁𝐼 , and
𝑟 ∈ 𝑁𝑅. An ℰℒ concept is an ℰℒ𝒪⊥ concept that contains neither ⊥ nor nominals, and an ℰℒ TBox is
an ℰℒ𝒪⊥ TBox whose GCIs are built using only ℰℒ concepts. An ℰℒ𝒪⊥ (ℰℒ) KB 𝒦 = (𝒯 ,𝒜) is a pair
composed of an ℰℒ𝒪⊥ (ℰℒ) TBox 𝒯 and an ABox 𝒜.

The semantics of ℰℒ𝒪⊥ is defined in a model-theoretic way, using the notion of an interpretation ℐ ,
which is a pair ℐ = (∆ℐ , ·ℐ), where ∆ℐ is a non-empty set and ·ℐ is an interpretation function that
maps each concept name 𝐴 ∈ 𝑁𝐶 to a set 𝐴ℐ ⊆ ∆ℐ , each role name 𝑟 ∈ 𝑁𝑅 to a binary relation
𝑟ℐ ⊆ ∆ℐ ×∆ℐ , and each individual name 𝑎 ∈ 𝑁𝐼 to an element 𝑎ℐ ∈ ∆ℐ . The interpretation of an
ℰℒ𝒪⊥ concept is defined inductively as follows: ⊤ℐ := ∆ℐ , ⊥ℐ := ∅, {𝑎}ℐ := {𝑎ℐ}, (𝐶 ⊓ 𝐷)ℐ :=
𝐶ℐ ∩𝐷ℐ , and (∃𝑟.𝐶)ℐ := {𝑑 ∈ ∆ℐ | ∃𝑒 ∈ 𝐶ℐ such that (𝑑, 𝑒) ∈ 𝑟ℐ}. A model ℐ of the ℰℒ𝒪⊥ TBox
𝒯 is an interpretation that satisfies all its GCIs, i.e., 𝐶ℐ ⊆ 𝐷ℐ holds for all 𝐶 ⊑ 𝐷 ∈ 𝒯 , and a model
ℐ of the ABox 𝒜 is an interpretation that satisfies all its assertion, i.e., 𝑎ℐ ∈ 𝐴ℐ for all 𝐴(𝑎) ∈ 𝒜 and
(𝑎ℐ , 𝑏ℐ) ∈ 𝑟ℐ for all 𝑟(𝑎, 𝑏) ∈ 𝒜. A model of a KB (𝒯 ,𝒜) is a model of both 𝒯 and 𝒜.

Regarding reasoning, for the purpose of this paper we are mainly interested in the instance problem.
Given an ℰℒ𝒪⊥ KB 𝒦 = (𝒯 ,𝒜), an ℰℒ𝒪⊥ concept 𝐶 , and an individual name 𝑎, we say that the

1https://www.snomed.org/
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concept assertion 𝛼 = 𝐶(𝑎) follows from 𝒦 (written 𝒦 |= 𝛼) if every model ℐ of 𝒦 satisfies 𝛼, i.e.,
𝑎ℐ ∈ 𝐴ℐ holds. More generally, we will also consider answering Boolean conjunctive queries (BCQ),
which can be seen as conjunctions of assertions, which in addition to individual names may contain
variables that are existentially quantified. Such a query 𝑞 is entailed by a KB 𝒦 (written 𝒦 |= 𝑞) if every
model of 𝒦 is a model of 𝑞 (see [9] for a more detailed definition). To express that 𝒦 |= 𝛼 (𝒦 |= 𝑞), we
will say that 𝒜 𝒯 -entails 𝛼 (𝑞). We say that the ABox 𝒜 𝒯 -entails an inconsistency if the KB (𝒯 ,𝒜)
does not have a model. Note that this can happen in ℰℒ𝒪⊥, but not in ℰℒ.

3. Error-Tolerant Semantics over Prioritized KBs

The paper [9] describes how a prioritized KB, a KB where preferences between conflicting assertions are
provided by the user, can be translated into an appropriate AF and how the stable and grounded semantics
of abstract argumentation [11, 12] can be used to capture two types of repairs of inconsistencies. This
section adapts the relevant definitions and results in [9] from inconsistency-tolerant reasoning to error-
tolerant reasoning, where the error is an unwanted entailed concept assertion. In [9], TBoxes within
KBs are built using certain DL-Lite dialects. Here we assume that we have an ℰℒ KB, i.e., whenever
we say KB (without additional qualification) in this section we mean an ℰℒ KB. The more general
notion of ℰℒ𝒪⊥ KB is only needed in a proof. Since ℰℒ cannot express inconsistency, the notion of
inconsistency-tolerant reasoning does not make sense for it, but it does make sense for ℰℒ𝒪⊥. We also
assume in this section that 𝛼 = 𝐶(𝑎) is an ℰℒ concept assertion, where 𝐶 is an an ℰℒ concept (which
need not be a concept name).

Definition 1 (𝛼-repair). Given a KB 𝒦 = (𝒯 ,𝒜) and a concept assertion 𝛼, an 𝛼-repair is a subset-
maximal subset of 𝒜 that does not 𝒯 -entail 𝛼. The set of 𝛼-repairs for 𝒦 is denoted by Rep𝛼(𝒦).

Compared to the definition of repair in [9], the requirement that a repair must be a 𝒯 -consistent
subset of assertions is replaced by the condition that 𝛼-repairs must not 𝒯 -entail 𝛼. The notion of
conflict is also adapted in a corresponding way. Our new notion of 𝛼-conflict is sometimes also called
cause or support for 𝛼 [22, 23].

Definition 2 (𝛼-conflict). Given a KB 𝒦 = (𝒯 ,𝒜) and an assertion 𝛼, an 𝛼-conflict is a subset-minimal
subset of 𝒜 that 𝒯 -entails 𝛼. The set of 𝛼-conflicts for 𝒦 is denoted by Conf𝛼(𝒦).

The DL ℰℒ𝒪⊥ can express inconsistency, e.g., using the assertion ⊥(𝑎). Thus, for an ℰℒ𝒪⊥ KB, the
set Conf⊥(𝑎)(𝒦) corresponds to the set Conf(𝒦) of conflicts defined in [9], i.e, the set of subset-minimal
subsets of 𝒜 𝒯 -entailing an inconsistency.

3.1. 𝛼-prioritized KBs

In [9], priority relations are considered, which are relations between facts establishing a preference
between conflicting facts. This notion also needs to be adapted to the case of 𝛼-conflicts.

Definition 3 (𝛼-priority relation). Given a KB 𝒦 = (𝒯 ,𝒜) and an assertion 𝛼, an 𝛼-priority relation
for 𝒦 and 𝛼 is an acyclic relation ≻𝛼 ⊆ 𝒜 × 𝒜 such that if 𝛽 ≻𝛼 𝛾, then there exists an 𝛼-conflict
𝐶 ∈ Conf𝛼(𝒦) such that {𝛽, 𝛾} ⊆ 𝐶 .

An 𝛼-prioritized KB is a KB additionally equipped with such a priority relation.

Definition 4 (𝛼-prioritized KB). An 𝛼-prioritized KB is a pair 𝒦≻𝛼 = (𝒦,≻𝛼) such that 𝒦 is a KB and
≻𝛼 an 𝛼-priority relation for 𝒦 and 𝛼.

In practice, the priority relation is usually obtained from a domain expert. Such a relation can be used
to select from the set of all repairs certain preferred ones that take the expert knowledge into account.



Definition 5 (Pareto-optimal). Given an 𝛼-prioritized KB 𝒦≻𝛼 = (𝒦,≻𝛼) for 𝒦 = (𝒯 ,𝒜) and an
𝛼-repair 𝑅 ∈ Rep𝛼(𝒦), a set 𝑆 ⊆ 𝒜 of assertions is said to be a Pareto improvement of 𝑅 with respect to
≻𝛼 if it does not 𝒯 -entail 𝛼 and a 𝛾 ∈ 𝑆 ∖𝑅 exists such that 𝛾 ≻𝛼 𝛽 for all 𝛽 ∈ 𝑅 ∖ 𝑆. The 𝛼-repair 𝑅 is
said to be a Pareto-optimal 𝛼-repair of 𝒦≻𝛼 if there is no Pareto improvement of 𝑅 with respect to ≻𝛼.
The set of Pareto-optimal 𝛼-repairs of 𝒦≻𝛼 with respect to ≻𝛼 is denoted by Prep𝛼(𝒦≻𝛼).

Since the all repairs (AR), intersection of all repairs (IAR) and brave semantics abstract away from the
concrete notion of repair, they are defined in [9] in a parameterized away. The same is possible here,
except that 𝛼-priority relations are considered instead of priority relations.

Definition 6 (Error-tolerant reasoning). Given an assertion 𝛼 and a repair type 𝑇 ∈ {Rep𝛼, Prep𝛼}, the
𝛼-prioritized KB 𝒦≻𝛼 entails a BCQ or concept assertion 𝑞 under the:

• AR semantics for 𝑇 (𝑇 -AR) if (𝒯 , 𝑅) ⊨ 𝑞 for every 𝑅 ∈ 𝑇 (𝒦≻𝛼);
• IAR semantics for 𝑇 (𝑇 -IAR) if (𝒯 , 𝐼) ⊨ 𝑞, where 𝐼 :=

⋂︀
𝑅∈𝑇 (𝒦≻𝛼 )𝑅;

• Brave semantics for 𝑇 (𝑇 -brave) if (𝑇,𝑅) ⊨ 𝑞 for some 𝑅 ∈ 𝑇 (𝒦≻𝛼).

It is easy to see that entailment w.r.t. IAR semantics implies entailment w.r.t. AR semantics, which in
turn implies entailment w.r.t. brave semantics (see also the remark after Definition 7 in [9]).

3.2. From 𝛼-prioritized KBs to AFs

In [9], the authors describe a translation from prioritized KBs to PSETAFs such that the Pareto-optimal
repairs and the intersection of all repairs correspond to certain notions of extensions. This translation
and the corresponding results can be adapted to our setting of 𝛼-repairs.

Due to space constraints, we cannot define PSETAFs and the relevant notions of extensions in detail,
and refer thus to [9] for the exact definitions. For what follows, it is sufficient to note that a PSETAF
is of the form (Arg ,⇝,≻), where Arg is a finite set of arguments, the attack relation⇝ consists of
tuples of the form (𝑆, arg) for nonempty subsets 𝑆 of Arg and elements arg of Arg , and ≻ is an acyclic
binary relation on Arg , called the preference relation.

The translation described in [9] uses the ABox as set of arguments and the priority relation as
preference relation. The definition of the attack relation is based on the conflict sets. In our adaptation,
we use the 𝛼-priority relation and the 𝛼-conflict sets instead. Following [9], we make the assumption
that conflict sets are of cardinality at least two (see [9] for an explanation why this assumption is in
principle without loss of generality). This is the case if 𝛼 is not 𝒯 -entailed by a single assertion in 𝒜.

Definition 7 (Associated PSETAF). Let 𝒦≻𝛼 = (𝒦,≻𝛼) be a prioritized KB for 𝒦 = (𝒯 ,𝒜) and 𝛼 an
assertion that is not 𝒯 -entailed by any single assertion in 𝒜. The PSETAF associated with 𝒦≻𝑎 is the
PSETAF 𝐹𝒦,≻𝛼 := (𝒜,⇝𝒦,≻𝛼), where⇝𝒦 := {(𝐶 ∖ {𝛽}, 𝛽) | 𝐶 ∈ Conf𝛼(𝒦), 𝛽 ∈ 𝐶}.

Theorem 35 in [9] states that the Pareto-optimal repairs of an inconsistency are exactly the stable
extensions of the PSETAF obtained by the translation in [9]. This result also holds in our setting.

Theorem 1. Let 𝒦≻𝛼 = (𝒦,≻𝛼) be a prioritized KB for 𝒦 = (𝒯 ,𝒜) and 𝛼 an assertion that is not
𝒯 -entailed by any single assertion in 𝒜. The set 𝒜′ ⊆ 𝒜 is a Pareto-optimal 𝛼-repair of 𝒦≻𝛼 iff 𝒜′ is a
stable extension of 𝐹𝒦,≻𝛼 .

Proof sketch. In principle, one could prove this result by redoing the proof of Theorem 35 in [9] in our
new setting. However, one can also obtain our Theorem 1 as a corollary to Theorem 35 in [9]. To that
purpose, let 𝒦≻𝛼 with 𝒦 = (𝒯 ,𝒜) and 𝛼 = 𝐶(𝑎) be a prioritized KB satisfying the prerequisites of the
theorem. We modify the ℰℒ TBox 𝒯 into an ℰℒ𝒪⊥ TBox 𝒯 ′ by setting 𝒯 ′ := 𝒯 ∪ {{𝑎} ⊓𝐶 ⊑ ⊥}. Let
𝒦′

≻𝛼
:= ((𝒯 ′,𝒜),≻𝛼) be the prioritized ℰℒ𝒪⊥ KB obtained from 𝒦≻𝛼 by replacing 𝒯 with 𝒯 ′. It is

easy to see that the following holds for any subset 𝒜′ of 𝒜:

𝒜′ 𝒯 -entails 𝐶(𝑎) iff 𝒜′ 𝒯 ′-entails an inconsistency.



Consequently, an ABox 𝒜′ ⊆ 𝒜 is an 𝛼-conflict w.r.t. 𝒯 iff 𝒜′ is a conflict w.r.t. 𝒯 ′. In addition, the
notion of repair for 𝒦′

≻𝛼
in [9] coincides with our notion of 𝛼-repair for 𝒦≻𝛼 , and the same is true

for the notion of Pareto-optimal repair and Pareto-optimal 𝛼-repair. Applying the translation into a
PSETAF of [9] to 𝒦′

≻𝛼
yields exactly the same PSETAF as applying the translation in our Definition 3.2

to 𝒦≻𝛼 . In fact, the employed ABox and the priority relation are the same, and the definition of the
attack relation only depends on the conflict sets, which coincide.

It remains to see that Theorem 35 in [9] really applies to 𝒦′
≻𝛼

, which is an ℰℒ𝒪⊥ KB rather than a
DL-Lite KB. However, if one looks at the proof of Theorem 35 in the extended version [24] of [9], then
one sees that no DL-Lite-specific arguments were employed. Thus, this proof also works for ℰℒ𝒪⊥

KBs.

In the case where the priority relation is the empty relation, Theorem 38 in [9] shows an equivalence
between the grounded extension and the intersection of all repairs. In our setting, the analogous result
can be formulated as follows and proved by the same argument as employed in the proof of Theorem 1.

Theorem 2. Let 𝒦≻𝛼 = (𝒦,≻𝛼) be a prioritized KB for 𝒦 = (𝒯 ,𝒜), the empty priority relation ≻𝛼,
and an assertion 𝛼 that is not 𝒯 -entailed by any single assertion in 𝒜. Then the unique grounded extension
of 𝐹𝒦,≻𝛼 coincides with the intersection of all 𝛼-repairs of 𝒦≻𝛼 .

4. Conclusion

The main purpose of this paper was to point out that, while an inconsistency is the most blatant
manifestation of an error in a KB, consistent KBs may still be erroneous. This can be detected when
reasoning derives a consequence that, according to the domain knowledge of the user, does not hold in the
application domain modelled by the KB. Approaches and results developed to deal with inconsistencies
can be adapted to address errors that manifest themselves by the entailment of such an unwanted
consequence. Instead of inconsistency-tolerant reasoning one then needs to use error-tolerant reasoning.
We have illustrated such adaptations by considering some of the definitions and results of [9], and
translating them from the setting of inconsistency-tolerant reasoning for DL-Lite KBs to error-tolerant
reasoning for ℰℒ KBs. From a technical point of view, the results shown in the present paper regarding
the connection between 𝛼-repairs (i.e., repairs that get rid of the unwanted consequence 𝛼) and certain
extensions of AFs are easy consequences of the corresponding results in [9]. Things get more interesting
if, instead of classical repairs (which are subsets of the KB), one considers gentle repairs [16] or optimal
repairs [25] (which try to preserve more consequences). While error-tolerant reasoning with respect to
optimal repairs has been considered in the setting of ℰℒ [18, 19, 20], it is unclear how to establish a
connection to AFs for such more sophisticated notions of repair. We will investigate this problem in
our future research.
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