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Graph data G
A large labelled graph may contain many irrelevant regions for a given diagnosis
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Graph data G
A large labelled graph may contain many irrelevant regions for a given diagnosis
Same graph, local context highlighted
Only a handful of vertices are relevant: nodes within two hops of an influential node

influential node

selected local vertices
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Graph databases Data as labelled directed graphs

A graph database is a finite directed graph 
with labels from a given Σe on its edges: 

G = (V, E), where V = nodes and 
E ⊆ V × Σe × V = labelled edges

Example

Nodes: a, b, c, d 
Edge labels: p, q

For us, a graph database or data-graph 
over Σn, Σe is a tuple G=(V, E, {Xp : p in Σn}) 

where G = (V,E) is a traditional edge-
labelled graph and Xp is the sets of nodes 

with label p.p

q

p

p

q

a b c d
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Motivating example

Conflict-of-interest (inconsistency) rule: 
regulated + boardOf

regulatory public officials

People Organizations Banks

employedBy

employedBy

employedBy

employedBy

regulated

boardOf

regulated

advised

boardOf

A
Ann
official

B
Ben
official

D
David
private sector

C
Carla
private sector

National Financial
Regulation Agency

regulatory body

Consulting Firm
not a regulatory body

N
NorthBank
private bank

S
SouthBank
private bank

E
EastBank
private bank

Revolving-door conflicts
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Regular Path Queries Path queries in the graph

An RPQ is a regular expression 
over edge labels. 

 
It returns pairs of nodes 

connected by a matching path.

p q p · p

p ∪ q p*

Example query:  p · p

Matches the pairs (a, c) via a—pb—pc 
And (b, d) via b—pc—pd

p

q

p

p

q

a b c d
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Integrity Constraints Regular Path Constraints

Integrity constraints are those rules/properties that are 
desirable for the domain we intend to model. 

A graph database is consistent if it satisfies all the 
imposed rules.
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Integrity Constraints Regular Path Constraints

RPCs are of the form:

Q₁ ⊆ Q₂
Meaning: 

Every Q₁-path should also have a Q₂-
path between the same two nodes.

Example:  p · p ⊆ p

p
missingp

q

p

p

q

a b c d

Integrity constraints are those rules/properties that are 
desirable for the domain we intend to model. 

A graph database is consistent if it satisfies all the 
imposed rules.
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Integrity Constraints Regular Path Constraints

RPCs are of the form:

Q₁ ⊆ Q₂
Meaning: 

Every Q₁-path should also have a Q₂-
path between the same two nodes.

Example:  p · p ⊆ p

Problematic pair: (a, c)

There is a p·p path, 
but no direct p path.

p
missingp

q

p

p

q

a b c d

Integrity constraints are those rules/properties that are 
desirable for the domain we intend to model. 

A graph database is consistent if it satisfies all the 
imposed rules.
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Navigational logics Path and node constraints

RPQs

select pairs of nodes

PDL / CPDL

paths + select nodes
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Navigational logics Path and node constraints

RPQs

select pairs of nodes

PDL / CPDL

paths + select nodes

Example PDL:

nodes with an outgoing p- or q-edge

                     
   selected nodes

Selected nodes: {a, b, c}

p

q

p

p

q

a b c d

  ⟨𝑝 ∪ 𝑞⟩
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Inconsistency measures Global measures for graph databases

An inconsistency measure assigns a 
(non-negative) number to all graphs. 

 
I(G) = 0  iff  G is consistent

Examples

𝐼𝐵 

is there any 
violation? 𝐼𝐶 

how many 
violated rules?

𝐼𝑀 
MIMS count

(Grant & Parisi, 2024)
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Inconsistency measures Global measures for graph databases

An inconsistency measure assigns a 
(non-negative) number to all graphs. 

 
I(G) = 0  iff  G is consistent

Examples

𝐼𝐵 

is there any 
violation? 𝐼𝐶 

how many 
violated rules?

𝐼𝑀 
MIMS count MIMS = minimal inconsistent (monotonic) 

subgraph
   𝑝.𝑝 ⊆ 𝑞

p p
a b c

(Grant & Parisi, 2024)
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Inconsistency measures Global measures for graph databases

An inconsistency measure assigns a 
(non-negative) number to all graphs. 

 
I(G) = 0  iff  G is consistent

Examples

𝐼𝐵 

is there any 
violation? 𝐼𝐶 

how many 
violated rules?

𝐼𝑀 
MIMS count MIMS = minimal inconsistent (monotonic) 

subgraph

Rationality postulates

Sanity checks for good measures: 
 

• Monotony 
• Independence of free elements 

• Penalty for problematic elements 
• Super-additivity 

• MIMS separability / normalization

   𝑝.𝑝 ⊆ 𝑞
p p

a b c

(Grant & Parisi, 2024)
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Our approach
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Our approach DATA MODEL

PDL / CPDL

To define contexts

Data graph G

o

o

RPCs
To define rules

define / identify
the origins

constraints that
model the world

Local inconsistency measures
quantify violations from selected origins
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Contexts and Bases Contextual constraints · Origins

Base

𝒞-context subgraph

Given some node expressions 𝒞 in PDL/CPDL:

maximal subgraph of 𝐺 whose nodes satisfy 
all node expressions in 𝒞 over 𝐺

The nodes of the 𝒞-context

Context formulas 𝒞
The context constraints 𝒞 define the  

origins 𝒪: nodes of the base

selected nodes

p

q

p

p

q

a b c d

𝒞 defines the origins as 𝒪 = {a, b, c}

PDL / CPDL      𝒞=⟨𝑝 ∪ 𝑞⟩
Question: from which nodes does some p or q edge start?

Example:
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origin nodes 𝒪

𝒪-consistency Consistency measured from a set of origins

RPC p · p ⊆ p
For every two-step p-path there is a single-step p-path

Used for integrity constraints

   RPQs define what to check.                   PDL/CPDL defines where to check from.

For a finite set of RPCs ℛ and a set of origins 𝒪 ⊆ 𝑉:

Does not hold for the origins!

p
missingp

q

p

p

q

a b c d

𝐺 is 𝒪-consistent w.r.t. ℛ if 𝒪 × 𝑉𝐺 ⊆ [𝛼]𝐺 for all 𝛼 ∈ ℛ

“If the rules in ℛ are satisfied by the pairs (o,v) for every o in 𝒪”

Used to generate origins

Example (cont.):
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Another example Authors, papers, and conferences

Consistency is enforced by the rule:  
“a published author cannot have a paper in a conference organized by their affiliation”

Authors Papers / Affiliations Conferences

selected author vertices
wrote

publishedIn

affiliatedWith
organizes

wrote

publishedIn

affiliatedWith

organizesaffiliatedWith

A
Ann
author

B
Ben
author

C
Carla
author

P1
paper

UniX
affiliation

P2
paper

UniY
affiliation

AI
ConfAI
conference

DB
ConfDB
conference

ML
ConfML
conference

Here: context subgraph = base
= {Ann, Ben}
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Witnesses and local measures
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Witnesses and local measures

Problematic pairs

Given a rule  r : Q₁ ⊆ Q₂ 
 

A pair (x, y) is problematic when: 
 

1. x is an origin 
2. Q₁ connects x to y 

3. Q₂ does not connect x to y

Problematic paths are the Q₁-paths 
that witness such problematic pairs.

x y

origin
x ∈∈ O

Q₁ path exists

Q₂ path missing

problematic pair: (x, y)
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Witnesses and local measures

Problematic pairs

Given a rule  r : Q₁ ⊆ Q₂ 
 

A pair (x, y) is problematic when: 
 

1. x is an origin 
2. Q₁ connects x to y 

3. Q₂ does not connect x to y

Problematic paths are the Q₁-paths 
that witness such problematic pairs.

x y

origin
x ∈∈ O

Q₁ path exists

Q₂ path missing

problematic pair: (x, y)

Free elements

Paths, pairs, nodes or edges 
that do not participate in 

any local violation.
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Minimal witnesses of inconsistency (…or 𝒪-MIMS)

Local violation
some rule fails from an origin

o

u

v

Q₁
Q₁

missing Q₂

N ⊭⊭ₒ φ
for some origin o ∈∈ O

Monotonicity
does not create new violations

G G ⊨⊨ₒ φ

N
N ⊭⊭ₒ φ

not allowed:
N violates but G does not

Minimality
no smaller monotonic witness

N inconsistent
wrt. some o

N′ consistent
wrt. all o

every proper monotonic subgraph
is consistent
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Minimal witnesses of inconsistency (…or 𝒪-MIMS)

Intuition: an 𝒪-MIMS is a minimal (local) cause of inconsistency

Local violation
some rule fails from an origin

o

u

v

Q₁
Q₁

missing Q₂

N ⊭⊭ₒ φ
for some origin o ∈∈ O

Monotonicity
does not create new violations

G G ⊨⊨ₒ φ

N
N ⊭⊭ₒ φ

not allowed:
N violates but G does not

Minimality
no smaller monotonic witness

N inconsistent
wrt. some o

N′ consistent
wrt. all o

every proper monotonic subgraph
is consistent

𝒪-MIMS
A minimal monotonic subgraph 
that contains a violation visible 

from some origin in 𝒪.
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Example: finding the local witness
Origins 𝒪 = {a, c}; Constraint ϕ: p · p ⊆ q

At origin a: OK 
The p·p path a→b→c is matched by a q-edge a→c.

At origin c: violation 
There is c→d→f using p·p, but no q-edge c→f.

𝒪-MIMS:  M = { 𝑐 𝑝 → 𝑑, 𝑑 𝑝 → 𝑓}

q

p p p p

missing q

a b c d f

origin origin
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Local inconsistency measures
Setup:  𝒪 = V(WC)     ·     R = integrity constraints

All local measures satisfy:   I(G,𝒪) = 𝒪   iff   G is 𝒪-consistent

Measure Definition What does it ask?

IB
1 iff G is not 𝒪-consistent Is there at least one violation starting from the selected origins?

IB′ |𝒪’|/|𝒪| What fraction of the origins witness at least one violation?

IC
maxo |Co| What is the maximum number of rules violated by a single origin?

IC′ |⋂{o : Co≠∅} Co| (At least) How many rules are violated by every problematic origin?

IC″ |⋃o Co| How many distinct rules are violated from at least one origin?

𝒪′ = { origins that violate at least one rule }      ·     Co = { rules violated from origin o }

These measures are all constraint-based!
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Witness-based measures Using 𝒪-MIMS to count minimal local causes

Recall that 𝒪-MIMS…

o

origin

→ violating 
pattern → MIMS

1. Are monotonic: do not create new violations that are not in G. 
2. Violate some rule in R, when evaluated from some origin o in 𝒪. 
3. Are minimal: they contain no inconsistent monotonic subgraphs

Measure Definition What does it ask?

IM
# 𝒪-MIMS in G How many minimal witnesses of local inconsistency exist for the 

origin set 𝒪?

IM′
maxo |o-MIMS(G)| What is the largest number of minimal witnesses seen from a single 

origin?
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Rationality Postulates
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Rationality Postulates Classical principles, relative to origin sets

Origin-aware version: every comparison is made with respect to selected origins 𝒪
Postulate Intuition Origin-aware condition

Monotony Adding information should not reduce inconsistency if local 
violations survive.

G′ ⊆ₘ𝒪 G  ⇒ 𝐼(𝐺′,𝒪) ≤ 𝐼(𝐺,𝒪)

Edge Independency Removing a free edge should not change the local 
measure.

e free w.r.t. 𝒪 ⇒ 𝐼(𝐺′,𝒪) = 𝐼(𝐺,𝒪)

Vertex Independency Removing a free vertex should not change the local 
measure.

v free w.r.t. 𝒪 ⇒ 𝐼(𝐺′,𝒪) = 𝐼(𝐺,𝒪)

Edge Super-Additivity Edge-disjoint (monotonic) sources of inconsistency should 
accumulate.

𝐺𝑖 ⊆𝒪𝑖𝑚 𝐺1 ∪ 𝐺2 and E₁ ∩ E₂ = ∅  ⇒  𝐼(𝐺1 ∪ 𝐺2, 𝒪1 ∪ 𝒪2) ≥ 𝐼(𝐺1, 𝒪1) + 𝐼(𝐺2,𝒪2)

Vertex Super-Additivity Vertex-disjoint graphs should accumulate their 
inconsistencies.

V₁ ∩ V₂ = ∅  ⇒  𝐼(𝐺1 ∪ 𝐺2, 𝒪1 ∪ 𝒪2) ≥ 𝐼(𝐺1, 𝒪1) + 𝐼(𝐺2,𝒪2)
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𝒪-MIMS postulates Rationality principles for minimal local witnesses

𝒪-MIMS Separability
Modularity

If the witnesses of the union are exactly the 
witnesses from the parts, then the measure 

is additive.

𝒪-MIMS Super-Additivity
Witnesses survive in the union

If witnesses from each part remain 
witnesses in the union, then the union has at 

least the sum.

𝒪-MIMS Normalization
One big witness

If the only minimal witness is the whole 
graph, the measure assigns value 1.

Separability gives us modularity, but might be too much to ask:

𝒪1-𝑀𝐼𝑀𝑆(𝐺1)

𝒪2-𝑀𝐼𝑀𝑆(𝐺2)
→ separability: 

exactly the same witnesses

super-additivity: 
same witnesses + maybe 

more

With origins, the union may reveal cross-witnesses that were not visible in either part alone.

𝒪1∪𝒪2-𝑀𝐼𝑀𝑆(𝐺1∪𝐺2)
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Conclusions and Future Work
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Conclusions and Future Work

- A local perspective to measure consistency in graphs, based on origins, 
decoupling node relevance and ICs. 

- Preliminary analysis of how to adequate classical/graph inconsistency 
measure notions to our local notions. 

- New measures, preliminary analysis of postulates and properties.
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Conclusions and Future Work

- A local perspective to measure consistency in graphs, based on origins, 
decoupling node relevance and ICs. 

- Preliminary analysis of how to adequate classical/graph inconsistency 
measure notions to our local notions. 

- New measures, preliminary analysis of postulates and properties.

- Analyze differences with the global setting 
- Find measures/properties that reflect and better exploit the locality 
- Study computational complexity 
- Empirical testing of these measures
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